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INTEGRALITY STRUCTURES IN TOPOLOGICAL STRINGS I:
FRAMED UNKNOT
WEI LUO, SHENGMAO ZHU
Abstract. We study the open string integrality invariants (LMOV invariants) for toric Calabi-
Yau 3-folds with Aganagic-Vafa brane (AV-brane). In this paper, we focus on the case of the
resolved conifold with one out AV-brane in any integer framing τ , which is the large N duality
of the Chern-Simons theory for a framed unknot with integer framing τ in S3. We compute the
explicit formulas for the LMOV invariants in genus g = 0 with any number of holes, and prove
their integrality. For the higher genus LMOV invariants with one hole, they are reformulated
into a generating function gm(q, a), and we prove that gm(q, a) ∈ (q
1/2 − q−1/2)−2Z[(q1/2 −
q−1/2)2, a±1/2] for any integer m ≥ 1. As a by product, we compute the reduced open string
partition function of C3 with one AV-brane in framing τ . We find that, for τ ≤ −1, this open
string partition function is equivalent to the Hilbert-Poincare´ series of the Cohomological Hall
algebra of the |τ |-loop quiver. It gives an open string GW/DT correspondence.
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1. Introduction
We study the integrality structures in topological string theory. Let X be a Calabi-Yau 3-
fold, by the work of Gopakumar and Vafa [22], the closed string free energy FX , which is the
generating function of Gromov-Witten invariants Kg,Q, has the following structure:
FX =
∑
g≥0
g2g−2s
∑
Q 6=0
Kg,Qe
−Q·ω =
∑
g≥0,d≥1
∑
Q 6=0
1
d
Ng,Q
(
2 sin
dgs
2
)2g−2
e−dQ·ω
where Ng,Q are integers and vanish for large g or Q. When X is a toric Calabi-Yau 3-fold, the
above Gopakumar-Vafa conjecture was proved in [53, 26].
In the open string case, let us consider a Calabi-Yau 3-fold X with a Lagrange submanifold
D in it. According to the work of Ooguri and Vafa [52], the generating function of the open
Gromov-Witten invariants can also be expressed in terms of a series of new integers which were
refined by Labastida, Marin˜o and Vafa [37, 38, 39]:∑
g≥0
∑
Q 6=0
g2g−2+l(µ)s Kµ,g,Qe
−Q·ω(1)
=
∑
g≥0
∑
Q 6=0
∑
d|µ
(−1)l(µ)+g∏l(µ)
i=1 µi
dl(µ)−1nµ/d,g,Q
l(µ)∏
j=1
(2 sin
µjgs
2
)(2 sin
dgs
2
)2g−2edQ·ω.
These new integer nµ,g,Q (here µ denote a partition of a positive integer) are called the LMOV
invariants in this paper.
Although for any toric Calabi-Yau 3-fold with Agangica-Vafa brane (AV-brane for short)
[1], we have the method of topological vertex [4, 33] to compute the open string partition
function and furthermore the open Gromov-Witten invariants Kµ,g,Q, it is difficult to compute
the corresponding LMOV invariants nµ,g,Q at the righthand side of the formula (1).
We will study these LMOV invariants nµ,g,Q. In this paper, we only focus on a special toric
Calabi-Yau 3-fold, i.e. the resolved conifold Xˆ with one special Lagrangian submanifold (AV-
brane Dτ in integer framing τ). More general toric Calabi-Yau 3-fold will be discussed in a
separated paper.
According to the large N duality, the open string theory of (Xˆ,Dτ ) is the large N duality of the
Chern-Simons theory of (S3, Uτ ), where Uτ denotes a framed unknot (trivial knot) with integer
framing τ . The large N duality of Chern-Simons and topological string theory was proposed by
Witten [61], and developed further by [23, 52, 39]. Later, Marin˜o and Vafa [49] generalized it
to the case of the knot including integer framing. The large N duality of (Xˆ,Dτ ) and (S
3, Uτ )
is expressed in terms of the following identity:
Z
(S3,Uτ )
CS (q, a;x) = Z
(Xˆ,Dτ )
str (gs, a;x), q = e
√−1gs(2)
where the explicit expressions of the above two partitions in identity (2) are given by the formulas
(13) and (14) respectively. The identity (2) implies the Marin˜o-Vafa formula [49, 34, 51], a very
powerful Hodge integral identity, which implies various important results in intersection theory
of moduli spaces of curves, see [63] for a review of the applications of Marin˜o-Vafa formula. The
identity (2) was proved by J. Zhou [62] based on his previous joint works with C.-C. Liu and K.
Liu [34, 36].
On the other hand side, through mirror symmetry, the partition function Z
(Xˆ,Dτ )
str (gs, a;x) can
also be computed by B-model. The mirror geometry information of (Xˆ,Dτ ) is encoded in the
mirror curve CXˆ . The disc counting invariants of (Xˆ,Dτ ) were given by the coefficients of the
superpotential related to the mirror curve [1, 3], and this fact was proved in [16]. Furthermore,
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the open Gromov-Witten invariants of higher genus with more holes can be computed by the
Eynard-Orantin topological recursions [12]. This approach named the BKMP conjecture, was
proposed by Bouchard, Klemm, Marin˜o and Pasquetti [7], and was fully proved in [13, 17] for
any toric Calabi-Yau 3-fold with AV-brane, so we can also use the BKMP method to compute
the LMOV invariants for (Xˆ,Dτ ).
In conclusion, now we have three different approaches to compute the open string partition
function Z
(Xˆ,Dτ )
str (gs, a;x) and their LMOV invariants nµ,g,Q(τ) : topological vertex [4, 33],
Chern-Simons partition function (13) and the BKMP method [7].
In this paper, we first compute the genus 0 LMOV invariants by BKMP method. At first
step, we illustrate the computations of the mirror curve of (Xˆ,Dτ ) by using the new approach
of [2]. It turns out that the mirror curve is given by:
y − 1− a− 12 (−1)τxyτ (ay − 1) = 0.(3)
By using mirror curve (3), we obtain the genus 0 with one-hole LMOV invariants nm,0,l−m
2
(τ)
which is denoted by nm,l(τ) for brevity:
nm,l(τ) =
∑
d|m,d|l
µ(d)
d2
cm
d
, l
d
(τ),
where
cm,l(τ) = −(−1)
mτ+m+l
m2
(
m
l
)(
mτ + l − 1
m− 1
)
.
We prove the integrality of the number nm,l(τ).
Theorem 1.1. For any τ ∈ Z, m ≥ 1, l ≥ 0, we have nm,l(τ) ∈ Z.
For LMOV invariants of genus 0 with two holes, we study the Bergmann kernel expansion in
the BKMP construction, and find an explicit formula for the LMOV invariants n
(m1,m2),0,
m1+m2
2
(τ)
which is denoted by n(m1,m2)(τ) for short,
n(m1,m2)(τ) =
1
m1 +m2
∑
d|m1,d|m2
µ(d)(−1)(m1+m2)(τ+1)/d
·
(
(m1τ +m1)/d − 1
m1/d
)(
(m2τ +m2)/d
m2/d
)
.
Then, we prove that
Theorem 1.2. For m1,m2 ≥ 1, and τ ∈ Z, n(m1,m2)(τ) ∈ Z.
For the genus 0 LMOV invariants with more than two holes, we can compute the LMOV
invariant nµ,g,Q(τ) for general Q by using the BKMP construction. But it is hard to give an
explicit formula for general Q, except the case Q = |µ|2 , in which the Marin˜o-Vafa formula holds.
n
µ,0, |µ|
2
(τ) = (−1)l(µ)
∑
d|µ
µ(d)dl(µ)−1Kτµ
d
,0,
|µ|
2d
where
Kτ
µ,0, |µ|
2
= (−1)|µ|τ [τ(τ + 1)]l(µ)−1
l(µ)∏
i=1
(
µi(τ + 1)− 1
µi − 1
) l(µ)∑
i=1
µi


l(µ)−3
.
It is clear that Kτ
µ,0,
|µ|
2
∈ Z, for any τ ∈ Z and since l(µ) ≥ 3, it immediately implies that:
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Theorem 1.3. For a partition µ with l(µ) ≥ 3 and τ ∈ Z, n
µ,0, |µ|
2
(τ) ∈ Z.
Next, we study the Chern-Simons partition function Z
(S3,Uτ )
CS (q, a;x) whose explicit formula
is given in (13). Following the works of [49, 42], we formulate the LMOV conjecture for a
general framed knots, see Conjectures 3.1 and 4.14. The mathematical structures of the LMOV
conjecture for general link were first studied by K. Liu and P. Peng [40]. Then we formulate the
higher genus and one hole LMOV invariants nm,g,Q(τ) into a unified generating function gm(q, a).
The integrality of the LMOV invariants nm,g,Q(τ) is equivalent to the following theorem which
will be proved in Section 4.5.
Theorem 1.4. Let gm(q, a) =
∑
d|m µ(d)Zm/d(qd, ad), where
Zm(q, a) = (−1)mτ
∑
|ν|=m
1
zν
{mντ}
{m}{mτ}
{ν}a
{ν} ,
see formula (37) for the definitions of the above quantum integers. For any integer m ≥ 1 and
any τ ∈ Z, there exist integers nm,g,Q(τ), such that
gm(q, a) =
∑
g≥0
∑
Q
nm,g,Q(τ)z
2g−2aQ ∈ z−2Z[z2, a± 12 ],
where z = q
1
2 − q− 12 = {1}.
In Section 5, we introduce the definition of the reduced open string partition function moti-
vated by the work [2]. And we compute the reduced open string partition function Z˜
(C3,Dτ )
str (gs, x)
for the trivial Calabi-Yau 3-fold (C3,Dτ ) (see the formula (47)). For brevity, we let Zτ (q, x) =
Z˜
(C3,Dτ )
str (gs, x), it turns out that
Zτ (q, x) =
∑
n≥0
(−1)n(τ−1)q n(n−1)2 τ+n
2
2
(1− q)(1− q2) · · · (1− qn)x
n
By comparing with the expression of the Hilbert-Poincare´ series Pm(q, t) (see formula (??) )
of the Cohomological Hall algebra [30] of the m-loop quiver [54], we obtain the following open
string GW/DT correspondence:
Theorem 1.5. For τ ≤ −1 (i.e. −τ ≥ 1), we have
Zτ (q, x) = P−τ (q, (−1)τ−1xq
1
2 ).
The main property of the Hilbert-Poincare´ series Pm(q, t) is the following factorization for-
mula:
Theorem 1.6 (Conjecture 3.3 [54] or Theorem 2.3 [30]). There exists a product expansion
Pm(q, (−1)m−1t) =
∏
n≥1
∏
k≥0
∏
l≥0
(1− ql−ktn)−(−1)(m−1)ncn,k
for nonnegative integers cn,k, such that only finitely many cn,k are nonzero for any fixed n.
The series DT
(m)
n (q) =
∑
k≥0 cn,kq
k is called the quantum Donaldson-Thomas invariant in
[54].
Besides, we also formulate the reduced LMOV conjecture (see conjecture 5.2), which can be
viewed as a weak form of the LMOV conjecture due to the original work of [52]. In particular,
the reduced LMOV conjecture in the case of (C3,Dτ ) says:
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Conjecture 1.7. There exist nonnegative integers Nm,k(τ), and only finitely many Nm,k(τ) are
nonzero for any fixed m ≥ 1. Such that
Zτ (q, x) =
∏
m≥1
∏
k∈Z
∏
l≥0
(
1− q k2+lxm
)Nm,k(τ)
.
Theorem 1.5 and Theorem 1.6 imply that, for τ ≤ −1, the reduced open string partition
function Zτ (q, x) on (C
3,Dτ ) carries the product factorization:
Zτ (q, x) =
∏
n≥1
∏
k≥0
∏
l≥0
(1− q n2 +l−kxn)−(−1)(τ−1)ncn,k .(4)
It provides the correspondence of the Ooguri-Vafa invariants (or weak LMOV invariants)Nm,k(τ)
and the Donaldson-Thomas invariants cn,k for τ ≤ −1.
The toric diagram of the trivial Calabi-Yau 3-fold (C3,Dτ ) is a topological vertex with one
framed leg. The above open string GW/DT correspondence shows that there is a corresponding
quiver with self loops. Now we can ask the following questions:
Questions: What is the DT correspondence for the reduced open string partition Z˜
(Xˆ,Dτ )
str of
the resolved conifold (Xˆ,Dτ )? More general, we can ask, for a toric Calabi-Yau 3-fold with one
out AV-brane (X,D), if there exists a corresponding quiver with self-loops, such that the reduced
open partition function (X,D) is equal to the Hilbert-Poincare´ series of the Cohomological Hall
algebra attached to this quiver? And also for a framed knot Kτ , if there exits a corresponding
quiver?
We will study these questions in our further work.
The rest of this paper is organized as follow: In section 2, we review the definitions of
topological string partition functions, free energies, and the integrality structures appearing
in topological strings. We introduce the definitions of Gopakumar-Vafa invariants in closed
strings, and LMOV invariants in open strings. In section 3, we first review the Witten’s Chern-
Simons theory for 3 manifolds and links, and the large N duality between the Chern-Simons
theory and the topological strings. Then, a basic example of for the case of framed unknot was
illustrated. We formulate the LMOV conjecture for the framed knot. In section 4, we study the
LMOV invariants for framed unknot in detail. We first illustrate the computations of the mirror
curve of (Xˆ,Dτ ) by using the new approach of [2]. Then, we compute the explicit formulas for
genus 0 LMOV invariants by using mirror curve, and prove the integrality of them. Next, we
formulate the higher genus with one hole LMOV invariants into a unified generating function by
using LMOV conjecture for framed knot. We prove the integrality of these invariants, i.e. this
generating function lies in a certain integral ring. In section 5, we introduce the definitions of the
reduced partition functions and establish a correspondence of the open string on (C3,Dτ ) and
the Cohomological Hall algebra of a quiver with self-loops. In section 6, the appendix provides
a proof of the integrality of the other BPS invariants obtained in [18] by our method used in
this paper.
Acknowledgements. We would like to thank Prof. Kefeng Liu and Hao Xu for their
interests and comments. The second author appreciates the collaboration with Qingtao Chen,
Kefeng Liu and Pan Peng which motivates the study of this work.
2. Topological strings
2.1. Closed strings and Gromov-Witten invariants. Topological strings on a Calabi-Yau
3-fold X have two types, the A-models and the B-models. The mathematical theory for A-model
is Gromov-Witten theory. LetMg,n(X,Q) be the moduli space of stable maps (f,Σg, p1, .., pn),
where f : Σg → X is a holomorphic map from the nodal curve Σg to the Ka¨hler manifold
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X with f∗([Σg]) = β ∈ H2(X,Z). In general, Mg,n(X,Q) carries a virtual fundamental class
[Mg,n(X,Q)]vir in the sense of [6, 44]. The virtual dimension is given by:
vdim[Mg,n(X,Q)]vir =
∫
Q
c1(X) + (dimX − 3)(1 − g) + n.
When X is a Calabi-Yau 3-fold, i.e. c1(X) = 0, then vdim[Mg(X,Q)]vir = 0. The genus g,
degree Q Gromov-Witten invariants of X is defined by
KXg,Q =
∫
[Mg,0(X,Q)]vir
1
which is usually denoted by Kg,Q for brevity without any confusions. In the A-model, the genus
g closed free energy FXg of X is the generating function of Gromov-Witten invariants Kg,Q.
FXg =
∑
Q 6=0
Kg,Qe
−Q·ω,
where ω is the Ka¨hler class for X. We define the total free energy FX and partition function
ZX as
FX =
∑
g≥0
g2g−2s F
X
g , Z
X = exp(FX).
where gs is the string coupling constant. The mathematical computations of the free energy
FX is mainly by the method of localizations [25, 21]. Especially, when X is a toric Calabi-Yau
3-fold, we have a more effective approach to obtain the partition function ZX by the method of
topological vertex [4, 33].
Usually, the Gromov-Witten invariants Kg,Q are rational numbers, from M-theory, Gopaku-
mar and Vafa [22] expressed the total free energy FX in terms of the generating function of the
new integer number Ng,Q obtained by counting BPS states:
FX =
∑
g≥0
g2g−2s
∑
Q 6=0
Kg,Qe
−Q·ω =
∑
g≥0,d≥1
∑
Q 6=0
1
d
Ng,Q
(
2 sin
dgs
2
)2g−2
e−dQ·ω
The integrality of the Gopakumar-Vafa invariants Ng,Q was first proved by P. Peng in the case
of toric Del Pezzo surfaces [53]. The proof for general toric Calabi-Yau threefolds was given by
Konishi in [26].
2.2. Open strings. Let us now consider the open sector of topological A-model of a Calabi-Yau
3-fold X with a submanifold D with dim H1(D,Z) = L. The open sector topological A-model
can be described by holomorphic maps φ from open Riemann surface of genus g with l-holes
Σg,l to X, with Dirichlet condition specified by D. These holomorphic maps are called open
string instantons. More precisely, an open string instanton is a holomorphic map φ : Σg,h → X
such that ∂Σg,l = ∪li=1Ci → D ⊂ X where the boundary ∂Σg,l of Σg,l consists of l connected
components Ci mapped to Lagrangian manifold D of X. Therefore, the open string instanton
φ is described by the following two different kinds of data: the first is the “bulk part” which
is given by φ∗[Σg,l] = Q ∈ H2(X,L), and the second is the “boundary part” which is given by
φ∗[Ci] = wαi γα, for i = 1, ..l, where γα, α = 1, .., L is a basis of H1(D,Z) and wαi ∈ Z. Let
~w = (w1, .., wL), and where wα = (wα1 , ..., w
α
l ) ∈ Zl, for α = 1, ..., L. We expect there exist the
corresponding open Gromov-Witten invariants K~w,g,Q determined by the data ~w,Q in the genus
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g. Now, the total free energy F
(X,D)
str is defined as
F
(X,D)
str =
∑
g≥0
∑
l≥1
∑
~w
g2g−2+ls F~w,g(ω)
1
l!
L∏
α=1
l∏
i=1
TrV w
α
i
F
(X,D)
~w,g =
∑
Q 6=0
K~w,g,Qe
−Q·ω
where ω is also the Ka¨hler class of X, and V is a holonomy matrix of gauge group U(∞) on the
source A-brane [61].
Usually, we write the total free energy F
(X,D)
str in the form of the summation over all partitions
[49].
F
(X,D)
str =
∑
g≥0
∑
~µ∈(P+)L
1
|Aut(~µ)|g
2g−2+l(~µ)
s F
(X,D)
~µ,g p~µ(~x),
where p~µ(~x) =
∏L
α=1 pµα(x
α), and for a partition µ ∈ P+, pµ(x) =
∏h
i=1 pµi(x). pn(x) is the
power sum symmetric function [46] given by pn(x) = x
n
1 + x
n
2 + · · · . Where P+ denotes the set
of all the partitions of positive integers. Moreover, let P = P+ ∪ {0}. The notations P+,P will
be used frequently throughout this paper.
In the following, we only need to consider the case of L=1. It is useful to write the A-model
generating function of F
(X,D)
w,g in the fixed genus g as follow:
F
(X,D)
(g,l) =
∑
w∈(Z+)l
F (X,L)w,g x
w1
1 · · · xwll .
The central problem in topological string theory is how to calculate F
(X,D)
(g,l) . In particular,
when X is a toric Calabi-Yau 3-fold, and D is a special Lagrangian submanifold named as
Aganagic-Vafa A-brane in the sense of [1, 3]. The open string partition function Z
(X,D)
str =
exp(F
(X,D)
str ) can be computed by the method of topological vertex [4, 33]. However, in this case,
there exists another more effective method to compute F
(X,D)
(g,l) by using the topological recursion
of Eynard and Orantin [12]. This approach was first proposed by M.Marin˜o [47], and developed
further by Bouchard, Klemm, Marin˜o and Pasquetti [7], so the conjectural equivalence of these
two different approaches was called the BKMP conjecture. Finally, the BKMP conjecture was
proved in [13, 17].
2.3. Integrality. Let q = e
√−1gs , a = e−ω, for the open string free energy F (X,D)str , we define
the generating functions fλ(q, a) by the following expansion formula,
F
(X,D)
str =
∞∑
d=1
1
d
∑
λ∈P+
fλ(q
d, ad)sλ(x
d),
where sλ(x) is the Schur symmetric functions.
Just as in the closed string case [22], the open topological strings compute the partition
function of BPS domain walls in a related superstring theory [52]. It follows that F (X,D) also
has an integral expansion. This integrality structure was further refined in [37, 38, 39] which
showed that fλ(q, a) has the following integral expansion
fλ(q, a) =
∞∑
g=0
∑
Q 6=0
∑
|µ|=|λ|
Mλµ(q)Nµ;g,Q(q
1
2 − q− 12 )2g−2aQ,
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where Nµ;g,Q are integers which compute the net number of BPS domain walls and Mλµ(q) is
defined by
Mλµ(q) =
∑
µ
χλ(Cν)χµ(Cν)
zν
l(ν)∏
j=1
(q−νj/2 − qνj/2)(5)
For convenience, we usually introduce the new integers
nµ,g,Q =
∑
ν
χν(Cµ)Nν,g,Q.
Definition 2.1. These integers Nµ,g,Q and nµ,g,Q are both called LMOV invariants.
Therefore,
fλ(q, a) =
∑
g≥0
∑
Q 6=0
∑
µ∈P
χλ(Cµ)
zµ
nµ,g,Q
l(µ)∏
j=1
(q−
µj
2 − q
µj
2 )(q−
1
2 − q 12 )2g−2aQ
By using the orthogonal relation
∑
λ
χλ(Cµ)χλ(Cν)
zµ
= δµ,ν , we obtain the following multiple cov-
ering formula for open string illustrated in [49]:∑
g≥0
∑
Q 6=0
g2g−2+l(µ)s Kµ,g,Qa
Q(6)
=
∑
g≥0
∑
Q 6=0
∑
d|µ
(−1)l(µ)+g∏l(µ)
i=1 µi
dl(µ)−1nµ/d,g,Q
l(µ)∏
j=1
(2 sin
µjgs
2
)(2 sin
dgs
2
)2g−2adQ.
Hence we have the following integrality structure conjecture which is called the Labastida-
Marin˜o-Ooguri-Vafa (LMOV) conjecture for open string.
Conjecture 2.2 (LMOV conjecture for open string). Let F
(X,D)
µ be the generating function
function defined by
F
(X,D)
str =
∑
µ
F (X,D)µ pµ(x),
then F
(X,D)
µ has the integral expansion as in the righthand side of the formula (6).
There is no general definition for the open Gromov-Witten invariants Kµ,g,Q. However, just
as mentioned in the previous subsection, when X is a toric Calabi-Yau 3-fold, and D is the
Aganagic-Vafa A-brane [1], the open string partition function Z
(X,D)
str can be fully computed by
using the method of topological vertex [4, 33]. The open Gromov-Witten invariants Kµ,g,Q can
also be computed by the topological recursion formula [7]. It is natural to ask how to prove the
Conjecture 2.2 in the case of toric Calabi-Yau 3-fold? In this paper, we study this conjecture for
the resolved conifold with one AV-brane in integer framing τ . We first compute some LMOV
integers as predicted by the formula (6), and then prove that they are really integers.
2.4. Lower genus cases. We illustrate some lower genus cases for the above multiple cover-
ing formula (6). By using the expansion sinx =
∑
k≥1
x2k−1
(2k−1)! , and taking the coefficients of
g
2g−2+l(µ)
s aQ in formula (6), we obtain
Kµ,0,Q =
∑
d|µ
(−1)l(µ)dl(µ)−3nµ
d
,0,Q
d
,(7)
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Kµ,1,Q =
∑
d|µ
(−1)l(µ)+1
(
dl(µ)−1nµ
d
,1,Q
d
+
(∑l(µ)
j=1 µ
2
j
24
dl(µ)−3 − 1
12
dl(µ)−1
)
nµ
d
,0,Q
d
)
Kµ,2,Q =
∑
d|µ
(−1)l(µ)
(
dl(µ)+1nµ
d
,2,Q
d
+
∑l(µ)
j=1 µ
2
j
24
dl(µ)−1nµ
d
,1,Q
d
+
(∑l(µ)
j=1 µ
4
j
1920
dl(µ)−3 +
∑
i<j µ
2
iµ
2
j
576
dl(µ)−3 −
∑l(µ)
j=1 µ
2
j
288
dl(µ)−1 +
1
240
dl(µ)+1
)
nµ
d
,0,Q
d
)
for g = 0, g = 1 and g = 2 respectively. In fact, these formulas were firstly computed in [49].
Therefore
F(0,l) =
∑
|µ|=l
∑
Q
Kµ,0,Qa
Qxµ11 · · · xµll(8)
=
∑
|µ|=l
∑
Q
∑
d|µ
(−1)l(µ)dl(µ)−3nµ
d
,0,Q
d
aQxµ11 · · · xµll
= (−1)l
∑
|µ|=l
∑
Q
∑
d≥1
dl−3nµ,0,QaQx
dµ1
1 · · · xdµll .
In particular
F(0,1) = −
∑
m≥1
∑
d≥1
∑
Q
nm,0,Q
d2
adQxdm,(9)
and for g = 1, l = 1,
F(1,1) =
∑
m≥0
∑
Q
K(m),1,Qa
Qxm
=
∑
m≥0
∑
Q

∑
d|m
nm/d,1,Q/d + (
m2
24
d−2 − 1
12
)nm/d,0,Q/d

 aQxm
=
∑
m≥0
∑
Q
∑
d≥1
1
d
(
nm,1,Q + (
m2
24
− 1
12
)
)
adQxdm.
3. Chern-Simons theory and large N duality
3.1. Quantum invariants. In the seminal paper [59], E. Witten defined a topological invariant
of a 3-manifoldM as a partition function of quantum Chern-Simons theory. Let G be a compact
gauge group which is a Lie group, and M be an oriented three-dimensional manifold. Let A be
a g-valued connection on M where g is the Lie algebra of G. The Chern-Simons [9] action is
given by
S(A) = k
4π
∫
M
Tr
(
A ∧ dA+ 2
3
A ∧A∧A
)
where k is an integer called the level.
Chern-Simons partition function is defined as the path integral in quantum field theory
ZG(M ; k) =
∫
eiS(A)DA
where the integral is over the space of all g-valued connections A on M . Although it is not
rigorous, Witten developed some techniques to calculate such invariants.
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If the 3-manifold M contains a link L, we let L be an L-component link with L = ⊔Lj=1Kj .
Define WRj (Kj) = TrRjHolKj(A) = TrRj
(
P exp
∮
Cj
A
)
to be the trace of holomony along Kj
taken in representation Rj . Then Witten’s invariant of the pair (M,L) is given by
ZG(M,L; {Rj}; k) =
∫
eiS(A)
L∏
j=1
WRj (Kj)DA.
We often use the following normalization form
PGR (M,K; k) =
ZG(M,K;R; k)
ZG(M ; k)
.
When M = S3 and the lie algebra of G is the semisimple lie algebra, Reshetikhin and Turaev
[55, 56] developed a systematic way to constructed the above invariants by using the representa-
tion theory of quantum groups. Their construction led to the definition of the colored HOMFLY-
PT invariants [38, 45], which can be viewed as the large N limit of the quantum Uq(slN ) invari-
ants. Usually, we use the notation Wλ1,..,λL(L; q, a) to denote the (framing-independent) colored
HOMFLY-PT invariants for a (oriented) link L = ⊔Lj=1Kj , where each component Kj is colored
by an irreducible representation Vλj of Uq(slN ). Some basic structures for Wλ1,..,λL(L; q, a) were
proved in [40, 41, 64]. It is difficult to obtain an explicit formula of a given link for any irre-
ducible representations λ. We refer to [45] for an explicit formula for torus links, and a series
of works due to Morozov et al (see for example [48]) proposed many conjectural formulas for
the twist knots. However, in this paper, we only need the following explicit formula for a trivial
knot (unknot) U (for example, see formula (4.6) in[40])
Wλ(U ; q, a) =
∑
µ
χλ(µ)
zµ
l(µ)∏
i=1
a
µi
2 − a−µi2
q
µi
2 − q−µi2
.(10)
3.2. Large N duality. In another fundamental work of Witten [61], the SU(N) Chern-Simons
gauge theory on a three-manifold M was interpreted as an open topological string theory on
T ∗M with N topological branes wrapping M inside T ∗M . Furthermore, Gopakumar and Vafa
[23] conjectured that the large N limit of SU(N) Chern-Simons gauge theory on S3 is equivalent
to the closed topological string theory on the resolved conifold. Furthermore, Ooguri and Vafa
[52] generalized the above construction to the case of a knot K in S3. They introduced the
Chern-Simons partition function Z
(S3,K)
CS for (S
3,K) which is the generating function of the
colored HOMFLY-PT invariants in all irreducible representations.
Z
(S3,K)
CS (q, a,x) =
∑
λ∈P
Wλ(L, q, a)sλ(x).(11)
Ooguri and Vafa conjectured that for any knot K in S3, there exists a corresponding Lagrangian
submanifold DK, such that the Chern-Simons partition function Z(S
3,D)
CS is equal to the open
topological string partition function Z
(X,DK)
str on (X,DK). They have established this duality in
the case of a trivial knot U in S3, and the link case was further discussed in [39].
In general, we first should find a way to construct the Lagrangian submanifold DL corre-
sponding to the link L in geometry. See [39, 27, 58, 10] for the constructions for some special
links. Furthermore, if we have found the Lagrangian submanifold, we need to compute the open
sting partition function under this geometry. For the trivial knot in S3, the dual open string
partition function was computed by J. Li and Y. Song [43] and S. Katz and C.-C.M. Liu [28].
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On the other hand side, Aganagic and Vafa [1] introduced the special Lagrangian submanifold
in toric Calabi-Yau 3-fold which we call Aganagic-Vafa A-brane (AV-brane) and studied its
mirror geometry, then they computed the counting of the holomorphic disc end on AV-brane
by using the idea of mirror symmetry. Moreover, Aganagic and Vafa surprisingly found the
computation by using mirror symmetry and the result from Chern-Simons knot invariants [52]
are matched. Furthermore, in [3], Aganagic, Klemm and Vafa investigated the integer ambiguity
appearing in the disc counting and discovered that the corresponding ambiguity in Chern-Simons
theory was described by the framing of the knot. They checked that the two ambiguities match
for the case of the unknot, by comparing the disk amplitudes on both sides.
Then, Marin˜o and Vafa [49] generalized the large N duality to the case of knots with arbitrary
framing. They studied carefully and established the large N duality between a framed unknot
in S3 and the open string theory on resolved conifold with AV-brane by using the mathematical
approach in [28]. By comparing the coefficient of the highest degree of the Ka¨hler parameter in
this duality, they derived a remarkable Hodge integral identity which now is called the Marin˜o-
Vafa formula. Two mathematical proofs for the Marin˜o-Vafa formula were given in [34] and
[51] respectively. We describe this duality in more details. For a framed knot Kτ with framing
τ ∈ Z, we define the framed colored HOMFLYPT invariants Kτ as follow,
Hλ(Kτ , q, a) = (−1)|λ|τq
κλτ
2 Wλ(K, q, a),(12)
where κλ =
∑l(λ)
i=1 λi(λi − 2i+ 1).
The Chern-Simon partition function for (S3,Kτ ) is given by
Z
(S3,Kτ )
CS (q, a;x) =
∑
λ∈P
Hλ(Kτ , q, a)sλ(x).(13)
We let Xˆ := O(−1) ⊕ O(−1) → P1 be the resolved conifold, and Dτ be the corresponding
AV-brane. The open string partition function for (Xˆ,Dτ ) has the structure
Z
(Xˆ,Dτ )
str (gs, a;x) = exp

− ∑
g≥0,µ
√−1l(µ)
|Aut(µ)|g
2g−2+l(µ)
s F
τ
µ,g(a)pµ(x)

(14)
where F τµ,g(a) =
∑
Q∈Z/2K
τ
µ,g,Qa
Q and Kτµ,g,Q is the open Gromov-Witten invariants defined by
Kτµ,g,Q =
∫
[Mg,l(µ)(D2,S1|2Q,µ1,..,µl)]
e(V),
defined in S. Katz and C.-C. Liu [28]. In particular, when Q = |µ|2 , the computations in [28]
gives
Kτ
µ,g,
|µ|
2
= (−1)|µ|τ (τ(τ + 1))l(µ)−1(15)
l(µ)∏
i=1
∏µi−1
j=1 (µiτ + j)
(µi − 1)!
∫
Mg,l(µ)
Λ∨g (1)Λ∨g (−τ − 1)Λ∨g (τ)∏l(µ)
i=1(1− µjψj)
where Λ∨g (τ) = τ g − λ1τ g−1 + · · ·+ (−1)gλg. Therefore, the large N duality in this case is given
the following identity:
Z
(S3,Uτ )
CS (q, a;x) = Z
(Xˆ,Dτ )
str (gs, a;x)(16)
where q = eigs . By taking the coefficients of a
|µ|
2 of the following equality:
[pµ(x)g
2g−2+l(µ)
s ] logZ
(S3,Uτ )
CS (q, a;x) = [pµ(x)g
2g−2+l(µ)
s ] logZ
(Xˆ,Dτ )
str (gs, a;x),
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we get the Marin˜o-Vafa formula which is a Hodge integral identity with triple λ classes. It
provides a very powerful tool in studying the intersection theory of moduli space of curves.
From it, we can derive the Witten conjecture [60, 24], the ELSV formula [11], and various
Hodge integral identities, see [35, 32, 63].
Combining the duality ideas above, together with several new technical ingredients, Aganagic,
Klemm, Marin˜o and Vafa finally developed a systematic method, gluing the topological vertex,
to compute all loop topological string amplitudes on toric Calabi-Yau manifolds [5, 4]. The
mathematical theory for topological vertex was finally established in [33]. This method give an
effective way to compute both the closed and open string partition function for a toric Calabi-
Yau 3-fold with AV-brane. Therefore, we have an explicit formula for the partition function
of resolved conifold Z
(Xˆ,Dτ )
str (gs, a), by comparting the explicit formula Z
(S3,Uτ )
CS (q, a) of Chern-
Simons partition function describe above, J. Zhou proved the identity (16) in [62] based on the
results of their previous works [34, 36, 33].
3.3. Integrality of the quantum invariants. Now, let us collect the above discussions to-
gether. Let L be a link in S3, the large N duality predicts there exists a Lagrangian submanifold
DL in the resolved confold Xˆ, and provides us the identity (16). Since Z(Xˆ,DL)str (gs, a,x) has the
integrality structures by the discussions in section 2.3, it implies that Z
(S3,L)
CS (q, a,x) also inherits
the integrality structure. Usually, this integrality structure is called the LMOV conjecture for
link in [40]. Furthermore, as mentioned previously, the large N duality was generalized to the
case of framed knot Kτ with framing τ ∈ Z in [49], with the Chern-Simons partition Z(S
3,Kτ )
CS for
framed knot Kτ given in formula (13). For convenience, we only formulate the LMOV conjecture
for framed knot Kτ in the following, although the conjecture should also holds for any framed
link, see [42].
Conjecture 3.1 (LMOV conjecture for framed knot or framed LMOV conjecture). Let
F
(S3,Kτ )
CS (q, a,x) = logZ
(S3,Kτ )
CS (q, a,x)
be the Chern-Simons free energy for a framed knot Kτ in S3. Then there exist functions
fλ(Kτ ; q, a) such that
F
(S3,Kτ )
CS (q, a,x) =
∞∑
d=1
1
d
∑
λ∈P,λ6=0
fλ(Kτ ; qd, ad)sλ(xd).
Let fˆµ(Kτ ; q, a) =
∑
λ fλ(Kτ ; q, a)Mλµ(q)−1, where Mλµ(q) is defined in the formula (5). Denote
z = q
1
2 − q− 12 , then for any µ ∈ P+, there are integers Nµ,g,Q(τ) such that
fˆµ(Kτ ; q, a) =
∑
g≥0
∑
Q
Nµ,g,Q(τ)z
2g−2aQ ∈ z−2Z[z2, a± 12 ].
Therefore,
zµgˆµ(Kτ ; q, a) =
∑
ν
χν(Cµ)fˆν(Kτ ; q, a)
=
∑
g≥0
∑
Q
nµ,g,Q(τ)z
2g−2aQ ∈ z−2Z[z2, a± 12 ].
where nµ,g,Q(τ) =
∑
ν χν(Cµ)Nν,g,Q(τ).
K. Liu and P. Peng [40] first studied the mathematical structures of LMOV conjecture for
general links (as to the Chern-Simons partition (11)), which is equivalent to the framed LMOV
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conjecture for any links in framing zero. They provided a proof for this case by using cut-and-
join analysis and the cabling technique [45]. Motivated by the work [49], K. Liu and P. Peng [42]
formulated the framed LMOV conjecture for any links(as to the Chern-Simons partition function
(13). In [8], the second author, together with Q. Chen, K. Liu and P. Peng, developed the ideas
in [42] to study the mathematical structures in framed LMOV and formulate congruence skein
relations for colored HOMFLY-PT invariants.
4. LMOV invariants for framed unknot Uτ
In Section 3.2, we have showed that, for a framed unknot Uτ in S
3, the large N duality holds
[62]:
Z
(S3,Uτ )
CS (q, a;x) = Z
(Xˆ,Dτ )
str (gs, a;x), q = e
√−1gs .
So one can compute LMOV invariants completely by using the colored HOMFLY-PT invariants
of the framed unknot Uτ . On the other hand side, by using mirror symmetry, one can also com-
pute the partition function Z
(Xˆ,Dτ )
str (gs, a;x) from B-model. The mirror geometry information of
(Xˆ,Dτ ) is encoded in the mirror curve CXˆ . The disc counting information of (Xˆ,Dτ ) was given
by the superpotential related to the mirror curve [1, 3], and this fact was proved in [16].
Furthermore, the open Gromov-Witten invariants with higher genus with more holes can be
computed by the Eynard-Orantin topological recursions [12]. This approach named the BKMP
conjecture, was proposed by Bouchard, Klemm, Marin˜o and Pasquetti [7], and was fully proved
in [13, 17] for any toric Calabi-Yau 3-fold with AV-brane, so we can also use the BKMP method
to compute the LMOV invariants for (Xˆ,Dτ ). To determine the mirror curve of (Xˆ,Dτ ), there
is standard method in toric geometry. However, in [2], Aganagic and Vafa proposed another
effective method to compute the mirror curve, their method can be applied to the more general
large N geometry of any knot in S3. The rest contents of this section will be organized as follow,
we first illustrate the computations of the mirror curve of (Xˆ,Dτ ) by using the new approach
of [1]. Then, we compute the explicit formulas for genus 0 LMOV invariants, and prove the
integrality of them. Next, we formulate the higher genus with one hole LMOV invariants into a
unified generating function, and we prove this generating function lies in a certain integral ring.
4.1. a-deformed A-polynomial as the mirror curve. The method used in [2] to compute
the mirror curve is based on the fact that, colored HOMFLY-PT invariants colored by a par-
tition with a single row is a q-holonomic function, this fact was conjectured and used in many
literatures, such as [14, 15], and was finally proved in [20]. In fact, such idea can go back to [19].
Now, we illustrate the computation for the framed unknot Uτ . We first compute the noncom-
mutative a-deformed A-polynomial(it is called the Q-deformed A-polynomial in [2], the variable
Q in[2] is the variable a here) for Uτ .
By formula (10) ,The colored HOMFLY-PT invariants colored by partition (n) for the unknot
U is given by
Wn(U ; q, a) =
a
1
2 − a− 12
q
1
2 − q− 12
· · · a
1
2 q
n−1
2 − a− 12 q−n−12
q
n
2 − q−n2
It gives the recursion
(qn+1 − 1)Wn+1(U ; q, a) − (a
1
2 qn+
1
2 − a− 12 q 12 )Wn(U ; q, a) = 0.
By formula (12), the framed colored HOMFLY-PT invariants for the framed unknot with framing
τ ∈ Z is
Hn(Uτ ; q, a) = (−1)nτ q
n(n−1)
2
τWn(U ; q, a).
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So we get the recursion for Hn(Uτ ; q, a) as follow
(−1)τ (qn+1 − 1)Hn+1(Uτ ; q, a) − (a
1
2 qn+
1
2 − a− 12 q 12 )qnτHn(Uτ ; q, a) = 0.(17)
For a general series {Hn(q, a)}n≥0, we introduce two operatorsM and L act on {Hn(q, a)}n≥0
as follow:
MHn = qnHn, LHn = Hn+1.
then LM = qML.
Definition 4.1. The noncommutative a-deformed A-polynomial for series {Hn(q, a)}n≥0 is a
polynomial Aˆ(M,L; q, a) of operators M,L, such that
Aˆ(M,L; q, a)Hn(q, a) = 0, for n ≥ 0.
and A(M,L; a) = limq→1 Aˆ(M,L; q, a) is called the a-deformed A-polynomial.
Therefore, from the recursion (17), we obtain the noncommutative a-deformed A-polynomial
for Uτ as follow:
AˆUτ (M,L, q; a) = (−1)τ (qM − 1)L−M τ (a
1
2 q
1
2M − a− 12 q 12 ).
and the a-deformed A-polynomial is
AUτ (M,L; a) = lim
q→1
Aˆ(M,L, q; a) = (−1)τ (M − 1)L−M τ (a 12M − a− 12 ),
In order to get the mirror curve of Uτ , we need the following general result which is written
in the following lemma. Let Z(x) =
∑
k≥0Hk(q, a)xk be a generating function of the series
{Hk(q, a)|k ≥ 0}. We also introduce two operators xˆ, yˆ act on Z(x) as follow:
xˆZ(x) = xZ(x), yˆZ(x) = Z(qx).
then yˆxˆ = qxˆyˆ. It is easy to obtain the following result (see Lemma 2.1 in [18] for the similar
statement).
Proposition 4.2. Given a noncommutative A-polynomial Aˆ(M,L, q, a) =
∑
i,j ci,jM
iLj for the
series {Hk(q, a)|k ≥ 0}, then we have
Aˆ(yˆ, xˆ−1, q, a)Z(x) =
∑
i,j
∑
−j≤k≤−1
Hk+jqkixk.(18)
Proof. Since
Aˆ(yˆ, xˆ−1, q, a)Z(x) =
∑
i,j
ci,j yˆ
ixˆ−jZ(x)
=
∑
i,j
ci,jq
−ijx−jZ(qix)
=
∑
i,j
ci,j
∑
n≥0
Hnq(n−j)ixn−j
=
∑
i,j
ci,j
∑
k≥0
Hk+jqkixk +
∑
i,j
∑
−j≤k≤−1
ak+jq
kixk.
and by the definitions of the operators M,L, Aˆ(M,L, q, a)Hk = 0 gives∑
i,j
ci,jq
kiHk+j = 0, for k ≥ 0.
We obtain the formula (18). 
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Finally, the mirror curve is given by
A(y, x−1; a) = lim
q→1
Aˆ(yˆ, xˆ−1; q, a) = 0
In our case, the mirror curve is:
AUτ (y, x
−1; a) = y − 1− a− 12 (−1)τxyτ (ay − 1) = 0.(19)
4.2. Disc countings. For convenience, we let X = a−
1
2 (−1)τx, and Y = 1− y, then the mirror
curve (19) becomes the functional equation
Y = X(1− Y )τ (1− a(1− Y )).(20)
In order to solve the above equation, we introduce the following Lagrangian inversion formula
[57].
Lemma 4.3. Let φ(λ) be an invertible formal power series in the indeterminate λ. Then the
functional equation Y = Xφ(Y ) has a unique formal power series solution Y = Y (X). Moreover,
if f is a formal power series, then
f(Y (X)) = f(0) +
∑
n≥1
Xn
n
[
df(λ)
dλ
φ(λ)n
]
λn−1
(21)
Remark 4.4. In the following, we will frequently use the binomial coefficient
(n
k
)
for all n ∈ Z.
That means for n < 0, we define
(n
k
)
= (−1)k(−n+k−1k ).
In our case, we take φ(Y ) = (1− Y )τ (1 − a(1− Y )). Let f(Y ) = 1− Y , by formula (21), we
obtain
y(X) = 1− Y (X) = 1 +
∑
n≥1
Xn
n
∑
i≥0
(−1)n+i
(
n
i
)(
nτ + i
n− 1
)
ai
since φ(λ)n has the expansion
φ(λ)n = (1− λ)nτ (1− a(1− λ))n
=
∑
i≥0
(
n
i
)
(−a)i(1− λ)nτ+i
=
∑
i,j≥0
(
n
i
)
(−1)i+j
(
nτ + i
j
)
aiλj .
Moreover, if we let f(Y (X)) = log(1− Y (X)), then[
df(λ)
dλ
φ(λ)n
]
λn−1
=
∑
i≥0
(−1)i
(
n
i
) n−1∑
j=0
(−1)j+1
(
nτ + i
j
)
ai
=
∑
i≥0
(−1)i
(
n
i
)
(−1)n
(
nτ + i− 1
n− 1
)
ai
where we have used the combinatoric identity:
n−1∑
j=0
(−1)j+1
(
m
j
)
= (−1)n
(
m− 1
n− 1
)
.
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Formula (21) gives
log(y(X)) = log(1− Y (X)) =
∑
n≥1
Xn
n
∑
i≥0
(−1)n+i
(
n
i
)(
nτ + i− 1
n− 1
)
ai.
i.e.
log(y(x)) =
∑
n≥1
xn
n
∑
i≥0
(−1)nτ+n+i
(
n
i
)(
nτ + i− 1
n− 1
)
ai−
n
2 .
By BKMP’s construction in genus 0 with one hole, one obtains
F(0,1) =
∫
log(y(x))
dx
x
(22)
=
∑
n≥1
xn
n2
∑
i≥0
(−1)nτ+n+i
(
n
i
)(
nτ + i− 1
n− 1
)
ai−
n
2 .
By formula (9), and if we let nm,l(τ) = nm,0,l−m
2
(τ), then
F(0,1) = −
∑
m≥1
∑
d|m,d|l
d−2nm
d
, l
d
(τ)xmal−
m
2 .(23)
If we let
cm,l(τ) = −(−1)
mτ+m+l
m2
(
m
l
)(
mτ + l − 1
m− 1
)
,
by comparing the coefficients of xmal−
m
2 in (23) and (22), we have
cm,l(τ) =
∑
d|m,d|l
nm/d,l/d(τ)
d2
.
By Mo¨bius inversion formula,
nm,l(τ) =
∑
d|m,d|l
µ(d)
d2
cm
d
, l
d
(τ).
Theorem 4.5. For any τ ∈ Z, m ≥ 1, l ≥ 0, we have nm,l(τ) ∈ Z.
Before proving Theorem 4.5, we define the following function, for nonnegative integer n and
prime number p,
fp(n) =
n∏
i=1,p∤i
i =
n!
p[n/p][n/p]!
.
Lemma 4.6. For odd prime numbers p and α ≥ 1 or for p = 2, α ≥ 2, we have p2α |
fp(p
αn)− fp(pα)n. For p = 2, α = 1, f2(2n) ≡ (−1)[n/2] (mod 4)
Proof. With α ≥ 2 or p > 2, pα−1(p− 1) is even,
fp(p
αn)− fp(pα(n− 1))fp(pα)
= fp(p
α(n− 1))

 pα∏
i=1,p∤i
(pα(n− 1) + i)− fp(pα)


≡ pα(n− 1)fp(pα(n− 1))fp(pα)

 pα∑
i=1,p∤i
1
i

 (mod p2α)
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≡ pα(n− 1)fp(pα(n− 1))fp(pα)

 [pα/2]∑
i=1,p∤i
(
1
i
+
1
pα − i )

 (mod p2α)
≡ pα(n− 1)fp(pα(n− 1))fp(pα)

 [pα/2]∑
i=1,p∤i
pα
i(pα − i)

 ≡ 0, (mod p2α)
Thus the first part of the Lemma is proved by induction. For p = 2, α = 1, the formula is
straightforward. 
Lemma 4.7. For odd prime number p and m = pαa, l = pβb, p ∤ a, p ∤ b, α ≥ 1, β ≥ 0, we have
(24) p2α |
(
m
l
)(
mτ + l − 1
m− 1
)
−
(m
p
l
p
)(mτ+l
p − 1
m
p − 1
)
where for β = 0, the second term is defined to be zero.
Proof. (
m
l
)(
mτ + l − 1
m− 1
)
−
(m
p
l
p
)(mτ+l
p − 1
m
p − 1
)
=
(m
p
l
p
)(mτ+l
p − 1
m
p − 1
)(
fp(m)
fp(l)fp(m− l) ·
fp(mτ + l)
fp(m)fp(m(τ − 1) + l) − 1
)
(25)
Write
(m
p
l
p
)
= ml
(m
p
−1
l
p
−1
)
and
(mτ+l
p
−1
m
p
−1
)
= mmτ+l
(mτ+l
p
m
p
)
, both are divisible by pmax(α−β,0). Each
element of {m, l,m− l,mτ + l,m(τ − 1) + l} is divisible by pmin(α,β), so by Lemma 4.6,
(26)
fp(m)
fp(l)fp(m− l) ·
fp(mτ + l)
fp(m)fp(m(τ − 1) + l) − 1
is divisible by p2min(α,β) (including the case β = 0) in p-adic number field. Thus (25) is divisible
by p2max(α−β,0)+2min(α,β) = p2α. 
Lemma 4.8. For m = 2αa, l = 2βb, α ≥ 1, β ≥ 0,
22α | (−1)mτ+m+l
(
m
l
)(
mτ + l − 1
m− 1
)
− (−1)mτ+m+l2
(m
2
l
2
)(mτ+l
2 − 1
m
2 − 1
)
,
where the second term is set to zero for β = 0.
Proof. For the case α ≥ 2, β ≥ 2, both mτ +m + l and (mτ +m + l)/2 are even, the Lemma
is proved as in Lemma 4.7. For the case β = 0, both
(m
l
)
and
(mτ+l−1
m−1
)
are divisible by 2α, and
the Lemma is also proved. For remaining cases α > β = 1 or β ≥ α = 1, we compute similarly
as (25),
(−1)mτ+m+l
(
m
l
)(
mτ + l − 1
m− 1
)
− (−1)mτ+m+l2
(m
2
l
2
)(mτ+l
2 − 1
m
2 − 1
)
=
(m
2
l
2
)(mτ+l
2 − 1
m
2 − 1
)(
f2(m)
f2(l)f2(m− l) ·
f2(mτ + l)
f2(m(τ − 1) + l)f2(m) − (−1)
mτ+m+l
2
)
(27)
Both
(m
2
l
2
)
and
(mτ+l
2
−1
m
2
−1
)
are divisible by 2α−1, it suffice to prove that the third factor is divisible
by 4, which is, by Lemma 4.6,
(−1)[ l4 ]+[m−l4 ]+[mτ+l4 ]+[m(τ−1)+l4 ] − (−1)mτ+m+l2 . (mod 4)
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It is divisible by 4 if
(28) [
l
4
] + [
m− l
4
] + [
mτ + l
4
] + [
m(τ − 1) + l
4
] +
mτ +m+ l
2
is even. Parity of (28) depends only on τ (mod 2). For τ = 1, (28) reduces to [l/4]+[(m−l)/4]+
[(m+ l)/4]+[l/4]+ l/2. For τ = 0, it reduces to [l/4]+[(m− l)/4]+[l/4]+[(l−m)/4]+(m+ l)/2.
Both are obviously even.

Now, we can finish the proof of Theorem 4.5.
Proof. For a prime number p | m, write m = pαa, p ∤ a.
nm,l(τ) =
∑
d|m,d|l
µ(d)
d2
cm
d
, l
d
(τ)
=
1
m2
∑
d|m,d|l
µ(d)(−1)mτ+m+ld
(m
d
l
d
)(mτ+l
d − 1
m
d − 1
)
=
1
m2
∑
d|m,d|l,p∤d
µ(d)
(
(−1)mτ+m+ld
(m
d
l
d
)(mτ+l
d − 1
m
d − 1
)
− (−1)mτ+m+ldp
(m
dp
l
dp
)(mτ+l
dp − 1
m
dp − 1
))
(29)
where for pd ∤ l, second term of (29) is understood to be zero. For odd prime number p, mτ+m+ld
and mτ+m+ldp have the same parity. Since p
α || md , p2α divides the summand in (29) by Lemma 4.7.
For p = 2, it is divisible by 22α by Lemma 4.8.
p2α divides the sum in (29) for every pα || m, thus nm,l is an integer. 
4.3. Annulus counting. The Bergmann kernel of the curve (20) is
B(X1,X2) =
dY1dY2
(Y1 − Y2)2 .
By the construction of BKMP [7], the annulus amplitude is calculated by the integral∫ (
B(X1,X2)− dX1dX2
(X1 −X2)2
)
= ln
(
Y2(X2)− Y1(X1)
X2 −X1
)
More precisely, for m1,m2 ≥ 1, the coefficients
[
ln
(
Y2(X2)−Y1(X1)
X2−X1
)]
x
m1
1 x
m2
2 a
l
gives the annulus
Gromov-Witten invariants K(m1,m2),0,l.
Let bn,i =
(−1)n+i
n+1
(n+1
i
)((n+1)τ+i
n
)
and bn =
∑
i≥0 bn,ia
i. In particular b0 = 1− a. Then
Y (X) =
∑
n≥1
bnX
n.
and
Y2(X2)− Y1(X1)
X2 −X1 = (1− a) +
∑
n≥1
bn
(
n∑
i=0
Xi1X
n−i
2
)
.
Let b˜m,l =
∑l
i=0 bm,i and b˜m =
∑
l=0 b˜m,la
l. For m1 ≥ 1,m2 ≥ 1, the coefficients c(m1,m2) of
[Xm11 X
m2
2 ] in the expansion
ln

1 +∑
n≥1
b˜n
(
n∑
i=0
Xi1X
n−i
2
)

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is given by
c(m1,m2) =
∑
|µ|=m1+m2
(−1)l(µ)−1(l(µ)− 1)!b˜µ
|Aut(µ)| |Sµ(m1)|
where Sµ(m1) is the set
Sµ(m1) = {(i1, ..., il(µ)) ∈ Zl(µ)|
l(µ)∑
k=1
ik = m1, where 0 ≤ ik ≤ µk, for k = 1, .., l(µ)},
by this definition, Sµ(m1) = Sµ(m2).
We write c(m1,m2) =
∑
l≥0 c(m1,m2),la
l, then the annulus amplitude is
F(0,2) =
∑
m1≥1,m2≥1
∑
l≥0
(−1)(m1+m2)τ c(m1,m2),lal−
m1+m2
2 xm11 x
m2
2 .
If we let n(m1,m2),l = n(m1,m2),0,l−m1+m22
, the multiple covering formula (8) for l = 2 gives
F(0,2) =
∑
m1≥1,m2≥1
∑
l≥0
∑
d|m1,d|m2,d|l
1
d
n(m1
d
,
m2
d
), l
d
al−
m1+m2
2 xm11 x
m2
2
we have
(−1)(m1+m2)τ c(m1,m2),l =
∑
d|m1,d|m2,d|l
1
d
n(m1
d
,
m2
d
), l
d
.
so
n(m1,m2),l =
∑
d|m1,d|m2,d|l
µ(d)
d
(−1) (m1+m2)τd c(m1
d
,
m2
d
), l
d
.
In particular, when l = m1+m22 , we only need to consider the the curve Y = X(1 − Y )τ . We
need the following formula:
Lemma 4.9 (Lemma 2.3 of [63]).
ln
(
Y1(X1)− Y2(X2)
X1 −X2
)
=
∑
m1,m2≥1
1
m1 +m2
(
m1τ +m1 − 1
m1
)(
m2τ +m2
m2
)
Xm11 X
m2
2(30)
− τ (ln(1− Y1(X1)) + ln(1− Y2(X2))) .
We have, for m1,m2 ≥ 1,
c
(m1,m2),
m1+m2
2
(τ) =
1
m1 +m2
(
m1τ +m1 − 1
m1
)(
m2τ +m2
m2
)
.(31)
For brevity, we let n(m1,m2)(τ) := n(m1,m2),m1+m22
(τ) which is defined through formula (31).
Then we have the following integrality result:
Theorem 4.10. For m1,m2 ≥ 1, and τ ∈ Z, n(m1,m2)(τ) ∈ Z.
For nonnegative integer n and prime number q, define
fq(n) =
n∏
i=1,q∤i
i =
n!
q[n/q][n/q]!
It is obvious that
(32) fq(q
αk) ≡ fq(qα)k ≡ (−1)k (mod pα)
We introduce the following Lemma first.
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Lemma 4.11. If pβ || (a, b), pα | a+ b, then pα−β divides(
aτ + a− 1
a
)(
bτ + b
b
)
.
Proof. Power of prime p in n! is
∑∞
k=1[
n
pk
]. Apply this to the binomial coefficients to find that
the power of p in
(aτ+a−1
a
)(bτ+b
b
)
is
∞∑
i=1
(
[
aτ + a− 1
pi
] + [
bτ + b
pi
]
)
−
(
[
aτ − 1
pi
] + [
bτ
pi
]
)
−
(
[
a
pi
] + [
b
pi
]
)
≥
α∑
i=1
(
(
(a+ b)(τ + 1)
pi
− 1)− ((a+ b)τ
pi
− 1)
)
−
β∑
i=1
(
a+ b
pi
)−
α∑
i=β+1
(
a+ b
pi
− 1)
= α− β
where we use the fact that for k | m + n + 1, k > 1, [m/k] + [n/k] = (m + n)/k − 1 and for
k | m+ n, k ∤ m, [m/k] + [n/k] = (m+ n)/k − 1. 
Now, we can finish the proof of Theorem 4.10:
Proof. By definition,
n(m1,m2)(τ) =
1
m1 +m2
∑
d|m1,d|m2
µ(d)(−1)(m1+m2)(τ+1)/d
·
(
(m1τ +m1)/d − 1
m1/d
)(
(m2τ +m2)/d
m2/d
)
(33)
Let p be any prime divisor of m1+m2, p
α || m1+m2. We will prove pα divides the summation
in (33), thus m1 +m2 also divides and nm1,m2 are integers.
If p ∤ m1, each summand in (33) corresponds to p ∤ d, so p
α | (m1 +m2)/d and p ∤ m1/d. By
Lemma 4.11 applies to a = m1/d, b = m2/d, p
α divides each summand and thus the summation.
If pβ || m1, β ≥ 1, consider two summands in (33) corresponding to d and pd such that
pd | (m1,m2), µ(pd) 6= 0. When p is an odd prime or α ≥ 2, the sign (−1)(m1+m2)(τ+1)/d and
(−1)(m1+m2)(τ+1)/(pd) are equal. When p = 2, α = 1, modulo 2 the sign is irrelevant. Write
a = m1/d, b = m2/d, then p
α | a+ b, pβ || a.(
aτ + a− 1
a
)(
bτ + b
b
)
−
(
(aτ + a)/p − 1
a/p
)(
(bτ + b)/p
b/p
)
=
(
(aτ + a)/p − 1
a/p
)(
(bτ + b)/p
b/p
)(
fp(aτ + a)fp(bτ + b)
fp(aτ)fp(a)fp(bτ)fp(b)
− 1
)
=
(
(aτ + a)/p − 1
a/p
)(
(bτ + b)/p
b/p
)
fp(aτ + a)fp(bτ + b)− fp(aτ)fp(a)fp(bτ)fp(b)
fp(aτ)fp(a)fp(bτ)fp(b)
(34)
The term
((aτ+a)/p−1
a/p
)((bτ+b)/p
b/p
)
is divisible by pα−β by Lemma 4.11. The numerator of the
fraction term in (34) is divisible by pβ by (32), and the denominator is not divisible by p. We
proved that pα divides (34), take summation over d, we get that pα divides the summation in
(33). This is true for any p | m1 +m2, thus n(m1,m2)(τ) is an integer. 
INTEGRALITY STRUCTURES IN TOPOLOGICAL STRINGS I: FRAMED UNKNOT 21
4.4. Genus g=0 with more holes. By formula (15), we have
Kτ
µ,g,
|µ|
2
= (−1)|µ|τ [τ(τ + 1)]l(µ)−1
l(µ)∏
i=1
∏µi−1
a=1 (µiτ + a)
(µi − 1)!
∫
Mg,l(µ)
Γg(τ)∏l(µ)
i=1(1− µiψi)
= (−1)|µ|τ [τ(τ + 1)]l(µ)−1
l(µ)∏
i=1
(
µi(τ + 1)− 1
µi − 1
)∑
bi≥0
l(µ)∏
i=1
µbii 〈
l(µ)∏
i=1
τbiΓg(τ)〉g,l(µ)
When g = 0 and l ≥ 3, then Γ0(τ) = 1 and the Hodge integrals
〈τb1 · · · τbl〉0,l =
(
l − 3
b1, .., bl
)
.
Hence, we have
Kτ
µ,0, |µ|
2
= (−1)|µ|τ [τ(τ + 1)]l(µ)−1
l(µ)∏
i=1
(
µi(τ + 1)− 1
µi − 1
) l(µ)∑
i=1
µi


l(µ)−3
(35)
And by formula (7), we obtain
n
µ,0, |µ|
2
(τ) = (−1)l(µ)
∑
d|µ
µ(d)dl(µ)−1Kτµ
d
,0,
|µ|
2d
(36)
By formula (35), it is clear that Kτ
µ,0,
|µ|
2
∈ Z, and since l(µ) ≥ 3, we obtain
Theorem 4.12. For a partition µ with l(µ) ≥ 3,
n
µ,0,
|µ|
2
(τ) ∈ Z.
4.5. Genus g ≥ 1, with one hole.
4.5.1. Revist LMOV conjecture for framed knot Kτ . We introduce the following notations first.
Let n ∈ Z and λ, µ, ν denote the partitions. Let
{n}x = x
n
2 − x−n2 , {µ}x =
l(µ)∏
i=1
{µi}x.(37)
For brevity, we let {n} = {n}q and {µ} = {µ}q. Let Kτ be a knot with framing τ ∈ Z. The
framed colored HOMFLYPT invariant H(Kτ ; q, a) of Kτ is defined in formula (12). Let
Zµ(Kτ ) =
∑
λ
χλ(Cµ)Hλ(Kτ ).
Then the Chern-Simons partition function is
Z
(S3,Kτ )
CS =
∑
λ∈P
Hλ(Kτ )sλ(x) =
∑
µ∈P
Zµ(Kτ )
zµ
pµ(x).
We define Fµ(Kτ ) though the expansion formula
F
(S3,Kτ )
CS = log(Z
(S3,Kτ )
CS ) =
∑
µ∈P+
Fµ(Kτ )pµ(x).
Then
Fµ(Kτ ) =
∑
n≥1
∑
∪ni=1νi=µ
(−1)n−1
n
n∏
i=1
Zνi(Kτ )
zνi
.
22 WEI LUO, SHENGMAO ZHU
and we introduce the notation
Fˆµ(Kτ ) = Fµ(Kτ ){µ} .
Remark 4.13. For two partitions ν1 and ν2, the notation ν1 ∪ ν2 denotes the new partition
by combing all the parts in ν1, ν2. For example µ = (2, 2, 1), then the set of pairs (ν1, ν2) such
that ν1 ∪ ν2 = (2, 2, 1) is
(ν1 = (2), ν2 = (2, 1)), (ν1 = (2, 1), ν2 = (2)),
(ν1 = (1), ν2 = (2, 2)), (ν1 = (2, 2), ν2 = (1)),
For a rational function f(q, a) ∈ Q(q±, a±), we define the adams operator
Ψd(f(q, a)) = f(q
d, ad).
Then, we have
gˆµ(Kτ ) =
∑
d|µ
µ(d)
d
Ψd(Fˆµ/d(Kτ ))(38)
The LMOV conjecture for framed knot Kτ says:
Conjecture 4.14. For any partition µ, there exist integers nµ,g,Q(τ), such that
zµgˆµ(Kτ ) =
∑
g≥0
∑
Q
nµ,g,Q(τ)z
2g−2aQ ∈ z−2Z[z2, a± 12 ],
where z = q
1
2 − q− 12 = {1}.
4.5.2. Framed unknot Uτ . For convenience, we define the function
φµ,ν(x) =
∑
λ
χλ(Cµ)χλ(Cν)x
κλ .
By Lemma 5.1 in [8], for d ∈ Z+, we have
φ(d),ν(x) =
{dν}x2
{d}x2
.
By the formula of colored HOMFLYPT invariant for unknot (10), we obtain
Zµ(Uτ ) =
∑
λ
χλ(Cµ)Hλ(Uτ )
= (−1)|µ|τ
∑
λ
χλ(Cµ)q
κλτ
2
∑
ν
χλ(Cν)
zν
{ν}a
{ν}
= (−1)|µ|τ
∑
ν
1
zν
φµ,ν(q
τ
2 )
{ν}a
{ν} .
In particular, for µ = (m), m ∈ Z, we have
Zm(Uτ ) = (−1)mτ
∑
|ν|=m
1
zν
{mντ}
{mτ}
{ν}a
{ν} .
For brevity, we let Zm(q, a) = 1{m}Zm(Uτ ) = (−1)mτ
∑
|ν|=m
1
zν
{mντ}
{m}{mτ}
{ν}a
{ν} and gm(q, a) =
z(m)gˆm(Uτ ). Then, by formula (38), we have
gm(q, a) =
∑
d|m
µ(d)Zm/d(qd, ad).(39)
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Then the integrality of the higher genus with one hole LMOV invariants is encoded in the
following theorem,
Theorem 4.15. For any integer m ≥ 1, there exist integers nm,g,Q(τ), such that
gm(q, a) =
∑
g≥0
∑
Q
nm,g,Q(τ)z
2g−2aQ ∈ z−2Z[z2, a± 12 ],
where z = q
1
2 − q− 12 = {1}.
The proof of Theorem 4.15 is divided into several steps. First, we need the following lemmas.
Lemma 4.16. Suppose k is a positive integer, then the number
cm(k, y) =
∑
|λ|=m
1
zλ
kl(λ){λ}y2
is equal to the coefficient of tm in (1−t/y1−ty )
k.
Proof. Suppose the number of i’s in the partition λ is ai, i = 1, · · · . Then
cm(k, y) =
∑
∑
iai=m
∏
i
1
ai!iai
kai(yi − y−i)ai
=

 ∞∏
i=1

 ∞∑
j=0
tij
1
j!ij
kj(yi − y−i)j




tm
=
[ ∞∏
i=1
exp(tik(yi − y−i)/i)
]
tm
=
[
exp(k ln(1− ty)−1 + k ln(1− t/y))]
tm
=
[
(
1− t/y
1− ty )
k
]
tm

Lemma 4.17. Let R = Q[q±1/2, a±1/2]. Then
{m}{mτ}gm(q, a) =
∑
d|m
∑
|µ|=m/d
µ(d)(−1)mτ/d
zµ
{mµτ}
{dµ} {dµ}a(40)
is divisible by {mτ}{m}/{1}2 in R.
Proof. By the definition (39) of gm(q, a), we have the formula (40). It is clear that
{m}{mτ}gm(q, a) ∈ R.
Denote Φn(q) =
∏
d|n(q
d − 1)µ(n/d) to be the n-th cyclotomic polynomial, which is irreducible
over R. Then qn − 1 =∏d|nΦd(q), and
{m}{mτ} = q−m+mτ2
∏
m1|m
Φm1(q)
∏
m1|mτ
Φm1(q)(41)
= q−
m+mτ
2
∏
m1|m
Φm1(q)
2
∏
m1|mτ,m1∤m
Φm1(q)
(i) For m1 | mτ,m1 ∤ m, and any |µ| = m/d, at least one of dµi’s are not divisible by m1,
thus {mµiτ}/{dµi} is divisible by Φm1(q). So Φm1(q) divides {m}{mτ}gm(q, a).
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(ii) For m1 | m and any |µ| = m/d, if not all dµi are divisible by m1, then at least two of
them are not divisible. Then two of corresponding {mµiτ}/{dµi} are divisible by Φm1(q).
We consider modulo {m1}2 in the ring R. It is easy to see, for a, b ≥ 1,
{abm1}
{bm1} ≡ a
(
qm1/2 + q−m1/2
2
)(a−1)b
(mod {m1}2)
We write x = (qm1/2 + q−m1/2)/2, then x2 ≡ 1 (mod {m1}2).
Then modulo Φm1(q)
2, we have
{m}{mτ}gm(q, a)
≡
∑
d|m
∑
|µ|=m/d,m1|dµ
µ(d)(−1)mτ/d
zµ
{mµτ}
{dµ} {dµ}a
≡
∑
d|m
∑
|µ|=m/d,m1|dµ
µ(d)(−1)mτ/d
zµ
(mτ
d
)l(µ)
x(m|µ|τ−d|µ|)/m1{dµ}a
≡
∑
d|m
∑
|λ|=m/lcm(d,m1)
µ(d)(−1)mτ/dx
m
m1
(mτ
d
−1) · 1
zλ
(
mτ
lcm(d,m1)
)l(λ)
{λ}alcm(d,m1)
≡
∑
d|m
µ(d)(−1)mτ/dx
m
m1
(mτ
d
−1)

(1− tlcm(d,m1)a−lcm(d,m1)/2
1− tlcm(d,m1)alcm(d,m1)/2
)mτ/lcm(d,m1)
tm
(42)
• For the cases m1 with an odd prime factor p, or p = 2 divides m1 and 4 | m, or p = 2
divides m1 and 2 | τ : Consider those d with µ(d) 6= 0 and p ∤ d, we have lcm(d,m1) =
lcm(pd,m1) and parity of mτ/d equals parity of mτ/(pd), but µ(d) = −µ(pd). Thus two
terms in (42) corresponding to d and pd cancelled.
• For the remaining case 2 || m,m1 = 2, 2 ∤ τ : Φm1(q)2 = (q1/2 + q−1/2)2 = 2x + 2.
Coefficients of x in (42) equals sum of terms corresponds to odd d | m,µ(d) 6= 0, while
constant term coefficients equals to sum of terms corresponds to 2d | m,µ(2d) 6= 0. The
coefficients of term for d and 2d match, so (42) is divisible by x+ 1.
In summary, we have proved that for m1 | mτ,m1 ∤ m, Φm1(q) divides {m}{mτ}gm(q, a); for
m1 | m,m1 6= 1, Φm1(q)2 divides {m}{mτ}gm(q, a). By (41), the lemma is proved. 
Lemma 4.18. For any integer m ≥ 1, we have
gm(q, a) ∈ z−2Q[z2, a±
1
2 ].
Proof. By Lemma 4.17, we have
f(q, a) := z2gm(q, a) =
{1}2
{m}{mτ}
∑
d|m
∑
|µ|=m/d
µ(d)(−1)mτ/d
zµ
{mµτ}
{dµ} {dµ}a ∈ Q[q
± 1
2 , a±1].
As a function of q, it is clear f(q, a) admits f(q, a) = f(q−1, a). Furthermore, for any d|m and
|µ| = m/d, we have
m|µ|τ − d|µ| −mτ −m ≡ m2τ/d−mτ = mτ(m/d− 1) ≡ 0 (mod 2),
which implies f(q, a) = f(−q, a). Therefore, f(q, a) = z2gm(q, a) ∈ Q[z2, a± 12 ]. The lemma is
proved. 
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Lemma 4.19. For any τ ∈ Z, we have
{m}{mτ}Zm(q, a) ∈ Z[q±
1
2 , a±
1
2 ].(43)
Proof. Since
(−1)mτ{m}{mτ}Zm(q, a) =
∑
|µ|=m
{mτµ}
zµ{µ} {µ}a
=
∑
∑
j≥1 jkj=m
∏
j≥1({mτj}{j}a)kj∏
j≥1 jkjkj !
,
we construct a generating function
f(x) =
∑
n≥0
xn
∑
∑
j≥1 jkj=n
∏
j≥1({mτj}{j}a)kj∏
j≥1 j
kjkj !
(44)
=
∑
n≥0
∑
∑
j≥1 jkj=n
∏
j≥1({mτj}{j}axj)kj∏
j≥1 jkjkj !
= exp

∑
j≥1
{mτj}{j}axj
j{j}

 ,
Then (−1)mτ {m}{mτ}Zm(q, a) = [f(x)]xm .
For τ = 0, it is the trivial case.
For τ ≥ 1, we use the expansion {mτj}{j} =
∑mτ−1
k=0 q
j(mτ−2k−1)
2 , then
f(x) = exp

mτ−1∑
k≥0
∑
j≥1
(
(q
mτ−1−2k
2 a
1
2x)j
j
− (q
mτ−1−2k
2 a−
1
2x)j
j
)
= exp

mτ−1∑
k≥0
log
1 + q
mτ−1−2k
2 a−
1
2x
1 + q
mτ−1−2k
2 a
1
2x


=
mτ−1∏
k=0
1 + q
mτ−1−2k
2 a−
1
2x
1 + q
mτ−1−2k
2 a
1
2x
.
We introduce the Gaussian binomial coefficients defined by(
m
r
)
q
=
(1− qm)(1 − qm−1) · · · (1− qm−r+1)
(1− q)(1− q2) · · · (1− qr)
for r ≤ m, and in particular (m0 )q = 1. The Gaussian binomial coefficients (mr )q ∈ Z[q] (see
Chapter 2 of [29] for q-calculus). There are analogs of the binomial formula, and of Newton’s
generalized version of it for negative integer exponents,
n−1∏
k=0
(1 + qkt) =
n∑
k=0
q
k(k−1)
2
(
n
k
)
q
tk
n−1∏
k=0
1
(1− qkt) =
∞∑
k=0
(
n+ k − 1
k
)
q
tk.
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Therefore, the coefficient [f(x)]xm of x
m in f(x) is given by∑
j+k=m
(−1)kq j(j−1)−(mτ−1)m2 a k−j2
(
mτ
j
)
q
(
mτ + k − 1
k
)
q
,
which lies in the ring Z[q±
1
2 , a±
1
2 ] by the integrality of Gaussian binomial.
For the case τ ≤ −1, we write {mτj} = −{−mτj} in the formula (44), then the similar
computations give the formula (43). 
Remark 4.20. In fact, by using the Theorem 3.2 in [8], we have the following refiner integrality
structure:
{m}2Zm(q, a) ∈ Z[z2, a±
1
2 ].
Together with Lemma 4.18, it can also be used to complete the proof of Theorem 4.15.
Now, we can finish the proof of Theorem 4.15 as follow:
Proof. Lemma 4.18 implies that there exist rational numbers nm,g,Q(τ), such that
z2gm(q, a) =
∑
g≥0
∑
Q
nm,g,Q(τ)z
2gaQ ∈ Q[z2, a± 12 ].
So we only need to show nm,g,Q(τ) are integers. By lemma 4.19 and the formula (39) for gm(q, a),
we have
{m}{mτ}z2gm(q, a) ∈ Z[q±
1
2 , a±
1
2 ],
which is equivalent to
(q
m
2 − q−m2 )(qmτ2 − q−mτ2 )
∑
g≥0
∑
Q
nm,g,Q(τ)(q
1/2 − q−1/2)2gaQ ∈ Z[q±1, a± 12 ].
So it is easy to get the contradiction if we assume there exists nm,g,Q(τ) which is not integer. 
5. An open string GW/DT correspondence
5.1. Reduced open string partition function of (C3,Dτ ).
Definition 5.1. We define the reduced open string partition function of (X,D) as
Z˜
(X,D)
str (gs, a, x) = Z
(X,D)
str (gs, a,x = (x, 0, 0, ...)).(45)
similarly, the reduced Chern-Simons partition function of (S3,K)
Z˜
(S3,K)
CS (q, a, x) = Z
(S3,K)
CS (q, a,x = (x, 0, 0, ...))(46)
=
∑
n≥0
Hn(K; q, a)xn.
since by the definition of Schur function sλ(x = (x, 0, 0, ..)) = x
|λ| which is nozero only when λ
is an one row partition.
Now we consider the trivial Calabi-Yau 3-fold C3 with one AV-brane in framing τ which
can be viewed as the limit case of the resolved conifold geometry (Xˆ,Dτ ) by study their toric
diagrams. In fact, the open string free energy on (C3,Dτ ) is given by
F
(C3,Dτ )
str (gs,x) = −
∑
g≥0,µ
√−1l(µ)
|Aut(µ)|g
2g−2+l(µ)
s K
τ
µ,g, |µ|
2
pµ(x)
where Kτ
µ,g,
|µ|
2
is the triple Hodge integral given by formula (15).
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We define
Hλ(q) = [Hλ(Uτ , q, a)]
a
|λ|
2
= (−1)|λ|τq κλτ2
∑
µ
χλ(Cµ)
zµ
1
{µ} .
In particular
Hn(q) = (−1)n(τ−1)q
n(n−1)
2
τ+n
2
2
1
(1− q)(1− q2) · · · (1− qn) .
By large N duality (2), we have
Z
(C3,Dτ )
str (gs,x) = exp
(
F
(C3,Dτ )
str (gs,x)
)
=
∑
λ∈P
Hλ(q)sλ(x).
Then, the reduced open string partition function of (C3,Dτ ) is given by
Z˜
(C3,Dτ )
str (gs, x) = Z
(C3,Dτ )
str (gs,x = (x, 0, 0, ..)) =
∑
n≥0
Hn(q)x
n.(47)
For brevity, we let
Zτ (q, x) = Z˜
(C3,Dτ )
str (gs, x) =
∑
n≥0
Hn(q)x
n
=
∑
n≥0
(−1)n(τ−1)q n(n−1)2 τ+n
2
2
(1− q)(1− q2) · · · (1− qn)x
n
In fact, the LMOV conjecture 3.1 provides a factorization for the partition function Zτ (q, a),
which will be showed as follow. We first formulate the LMOV conjecture for the general reduced
partition function Z˜ as in formulas (45) and (46). We take the reduced Chern-Simon partition
function for example.
Z˜
(S3,Kτ )
CS (q, a, x) =
∑
n≥0
Hn(Kτ ; q, a)xn.
By LMOV conjecture for Kτ (Conjecture 3.1), there exist functions fm(Kτ ; q, a) such that
Z˜
(S3,Kτ )
CS (q, a, x) = exp

∑
m≥1
∑
d≥1
1
d
fm(Kτ ; qd, ad)xdm


One can compute fm(Kτ ; q, a) explicitly, for example
f1(Kτ ; q, a) = H1(Kτ ).
f2(Kτ ; q, a) = H2(Kτ )− 1
2
H1(Kτ )2 − 1
2
Ψ2(H1(Kτ )).
Then reduced LMOV conjecture asserts the following weak form of the integrality which was
first proposed in [52].
Conjecture 5.2 (Reduced LMOV conjecture for Kτ ). There exist integers Nm,i,k(τ), and only
finitely many Nm,i,k(τ) are nonzero for any fixed m ≥ 1. Such that
fm(Kτ ; q, a) = −
∑
i,k∈Z
Nm,i,k(τ)a
i
2 q
k+1
2
1− q
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The integers Nm,i,k(τ) are called the Ooguri-Vafa invariants which were first studied by Ooguri
and Vafa in [52].
Therefore, by Conjecture 5.2, we have
Z˜
(S3,Kτ )
CS (q, a, x) = exp

−∑
m≥1
∑
i,k
Nm,i,k(τ)
∑
l≥0
∑
d≥1
1
d
(a
i
2 q
k+1
2
+lxm)d


= exp

∑
m≥1
∑
i,k
Nm,i,k(τ)
∑
l≥0
log
(
1− a i2 q k+12 +lxm
)
=
∏
m≥1
∏
i,k∈Z
∏
l≥0
(
1− a i2 q k+12 +lxm
)Nm,i,k(τ)
Now, we consider the reduced open string partition function Zτ (q, x) = Z˜
(C3,Dτ )
str (gs, x), then
the corresponding reduced LMOV conjecture assert that:
Conjecture 5.3 (Reduced LMOV conjecture for (C3,Dτ )). There exist integers Nm,k(τ), and
only finitely many Nm,k(τ) are nonzero for any fixed m ≥ 1. Such that
Zτ (q, x) =
∏
m≥1
∏
k∈Z
∏
l≥0
(
1− q k+12 +lxm
)Nm,k(τ)
.
5.2. Hilbert-Poincare´ series of the Cohomological Hall algebra of the m-loop quiver.
We first review the definition and the main results of Cohomological Hall algebra [30] for the
m-loop quiver, m ∈ N. Here we mainly following the expositions in [54](i.e. Section 4 in [54]).
Fix a nonnegative integer m ≥ 1. For a complex vector space V , we denote by EV = End(V )m
the space of m-tuples of endomorphisms of V . Then the group GV = GL(V ) acts on EV
by simultaneous conjugation. We study the equivariant cohomology with rational coefficient
H∗GV (EV ). For two complex vector spaces V andW , Kontsevich and Soibelman [30] constructed
a map:
H∗GV (EV )⊗H∗GW (EW )→ H∗+shiftGV⊕W (EV⊕W ).
They proved such maps induce an associative unitalQ-algebra structure onH = ⊕n≥0H∗GCn (ECn),
which is N × Z-bigraded if HkGCn (ECn) is placed in bidegree (n, (m − 1)
(
n
2
) − k2 ). This algebra
H is called the Cohomological Hall algebra of the m-loop quiver in [30]. We define the Hilbert-
Poincare´ series of H as following:
Pm(q, t) =
∑
n≥0
∑
k∈Z
dimQHn,kq−ktn.
Please note that we use the parameter q−1 instead of q in Section 4 of [54].
Proposition 5.4 (Lemma 4.2 [54]). The series
Pm(q, t) =
∑
n≥0
q−(m−1)
n(n−1)
2
(1− q)(1− q2) · · · (1− qn)t
n ∈ Q(q)[[t]].
The main property of Pm(q, t) is the following factorization formula.
Theorem 5.5 (Conjecture 3.3 [54] or Theorem 2.3 [30]). There exists a product expansion
Pm(q, (−1)m−1t) =
∏
n≥1
∏
k≥0
∏
l≥0
(1− ql−ktn)−(−1)(m−1)ncn,k
for nonnegative integers cn,k, such that only finitely many cn,k are nonzero for any fixed n.
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Let DT
(m)
n (q) =
∑
k≥0 cn,kq
k which is called the quantum Donaldson-Thomas invariant in
[54]. The above theorem implies that DT
(m)
n (q) is a polynomial with nonnegative coefficients.
The explicit formula for DT
(m)
n (q) was given in [54].
5.3. The correspondence. One can write the partition function Zτ (q, a) in the following form:
Z−τ (q, x) =
∑
n≥0
q−(τ−1)
n(n−1)
2
(1− q)(1− q2) · · · (1− qn)((−1)
τ−1xq
1
2 )n.
By comparing with the Hilbert-Poincare´ series Pm(q, t) (??), we obtain
Theorem 5.6. For τ ≤ −1 (i.e. −τ ≥ 1), we have
Zτ (q, x) = P−τ (q, (−1)τ−1xq
1
2 ).
Theorem 5.6 can be viewed as an open string GW/DT correspondence, we refer to [50] for a
discussion of the GW/DT correspondence for toric 3-folds.
Theorem 5.5 implies that, for τ ≤ −1, the reduced open string partition function Zτ (q, x) on
(C3,Dτ ) carries the product factorization:
Zτ (q, x) =
∏
n≥1
∏
k≥0
∏
l≥0
(1− q n2 +l−kxn)−(−1)(τ−1)ncn,k .
Comparing with the Conjecture 5.3, it provides the correspondence of the Ooguri-Vafa invariants
Nm,k(τ) and the Donaldson-Thomas invariants cn,k for τ ≤ −1.
Remark 5.7. For the simplicity of the discussion of the LMOV invariants, Garoufalidis, Kucharski
and Sulkowski [18] introduced the notion of extremal LMOV invariant. In fact, the Ooguri-Vafa
invariants (or weak LMOV invariants) Nm,k(τ) for (C
3,Dτ ) in Conjecture 5.3 are the extremal
LMOV variants in the sense of [18] for framed unknot Uτ . The relationship of the extremal
LMOV invariants and the work of Reineke [54] was extensively studied in the recent paper [31].
6. Appendix
In [18], Garoufalidis, Kucharski and Sulkowski obtained the following extremal BPS invariants
of twist knots:
(48) b−Kp,r = −
1
r2
∑
d|r
µ(
r
d
)
(
3d− 1
d− 1
)
, b+Kp,r =
1
r2
∑
d|r
µ(
r
d
)
(
(2|p|+ 1)d − 1
d− 1
)
for p ≤ −1 and
(49) b−Kp,r = −
1
r2
∑
d|r
µ(
r
d
)(−1)d+1
(
2d− 1
d− 1
)
, b+Kp,r =
1
r2
∑
d|r
µ(
r
d
)(−1)d
(
(2p+ 2)d − 1
d− 1
)
for p ≥ 2. See the formulas (1.4) and (1.5) in [18].
In fact, in their later work [31], Kucharski and Sulkowski found the work of Reineke [54]
can be used to interpret the integrality of above BPS invariants b−Kp,r and b
+
Kp,r
. But in this
appendix, we provide a direct proof of the integrality of the BPS invariants b−Kp,r and b
+
Kp,r
by
the same method used in the proofs of Theorems 4.5, 4.10.
Theorem 6.1. b−Kp,r and b
+
Kp,r
given in formulas (48) and (49) are integers.
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For nonnegative integer n and prime number q, define
fq(n) =
n∏
i=1,q∤i
i =
n!
q[n/q][n/q]!
Lemma 6.2 (=Lemma 4.6). For odd prime numbers q and α ≥ 1 or for q = 2, α ≥ 2, we have
q2α | fq(qαn)− fq(qα)n. For q = 2, α = 1, f2(2n) ≡ (−1)[n/2] (mod 4)
Lemma 6.3. For prime number q and m = qαa, q ∤ a, α ≥ 1, k ≥ 1, q2α divides
(−1)(k+1)m
(
km− 1
m− 1
)
− (−1)(k+1)m/q
(
km/q − 1
m/q − 1
)
.
Proof.
(−1)(k+1)m
(
km− 1
m− 1
)
− (−1)(k+1)m/q
(
km/q − 1
m/q − 1
)
= (−1)(k+1)m
(
km/q − 1
m/q − 1
)(
fq(km)
fq((k − 1)m)fq(m) − (−1)
(k+1)(m−m/q)
)
(50)
For q > 2 or q = 2, α > 1, then m −m/q is even, thus (50) is divisible by q2α by Lemma 6.2.
For q = 2, α = 1, (50) is divisible by 4 if
[
km
4
] + [
(k − 1)m
4
] + [
m
4
]− (k + 1)(m− m
2
) ≡ 0, (mod 2)
which depends only on k (mod 2), verify for k ∈ {1, 2} to get the results. 
Now, we can finish the proof of Theorem 6.1:
Proof. For each prime divisor q of r, in the summation in (48) over d|r, pairing the terms with
nonzero µ( rd ) and µ(
r
qd). Sum of two terms of each pair is divisible by q
2α by Lemma 6.3. This
is true for all prime divisors of r, thus b−Kp,r and b
+
Kp,r
are integers. 
References
[1] A. Aganagic and C. Vafa, Mirror symmetry, D-branes and counting holomorphic discs. arXiv: hep-
th/0012041.
[2] A. Aganagic and C. Vafa, Large N Duality, Mirror Symmetry, and a Q-deformed A-polynomial for Knots,
arXiv: 1204.4709.
[3] A. Aganagic, A. Klemm, C. Vafa, Disk instantons, mirror symmetry and the duality web. Z. Naturforsch.
A. 57(1-2), 1-28 (2002).
[4] M. Aganagic, A. Klemm, M. Marin˜o and C. Vafa, The topological vertex, Comm. Math. Phys. 254 (2005),
no. 2, 425-478.
[5] M. Aganagic, M. Marino, C. Vafa, All loop topological string amplitudes from Chern-Simons theory. Com-
mun. Math. Phys. 247, 467-512 (2004).
[6] K. Behrend and B. Fantechi, The intrinsic normal cone, Invent. Math. 128 (1997) 45-88.
[7] V. Bouchard, A. Klemm, M. Marin˜o, and S. Pasquetti, Remodeling the B-model, Commun. Math. Phys.
287, 117-178 (2009).
[8] Q. Chen, K. Liu, P. Peng and S. Zhu, Congruent skein relations for colored HOMFLY-PT invariants and
colored Jones polynomials, arxiv:1402.3571v3.
INTEGRALITY STRUCTURES IN TOPOLOGICAL STRINGS I: FRAMED UNKNOT 31
[9] S.-S. Chern and J. Simons, Characteristic forms and geometric invariants, Ann. of Math. (2) 99 (1974),
48-69.
[10] D.-E. Diaconescu, V. Shende and C. Vafa, Large N duality, lagrangian cycles, and algebraic knots, Commun.
Math.Phys.319(3),813-863(2013).
[11] T. Ekedahl, S. Lando, M. Shapiro and A. Vainshtein, Hurwitz numbers and intersections on moduli spaces
of curves, Invent. Math. 146 no. 2, 297-327 (2001).
[12] B. Eynard and N. Orantin, Invariants of algebraic curves and topological expansion, arXiv:math-ph/0702045.
[13] E. Eynard and N. Orantin, Computation of open Gromov-Witten invariants for toric Calabi- Yau 3-folds
by topological recursion, a proof of the BKMP conjecture, Comm. Math. Phys. 337 (2015), no. 2, 483-567.
[14] H. Fuji, S. Gukov, P. Sulkowski, H. Awata, Volume Conjecture: Refined and Categorified,
Adv.Theor.Math.Phys. 16 (2012) 1669-1777.
[15] H. Fuji, S. Gukov, P. Sulkowski, Super-A-polynomial for knots and BPS states, Nucl.Phys. B867 (2013)
506-546.
[16] B. Fang, C.-C., M Liu, Open Gromov-Witten invariants of toric Calabi-Yau 3-folds. Commun. Math. Phys.
323(1), 285-328 (2013).
[17] B. Fang, C.-C. M. Liu, and Z. Zong, On the remodeling conjecture for toric Calabi-Yau 3-orbifolds,
arXiv:1604.07123.
[18] S. Garoufalidis, P. Kucharski and P. Sulkowski, Knots, BPS states, and algebraic curves, Commun. Math.
Phys. 346 (2016) 75-113.
[19] S. Garoufalidis and T.T.Q. Le, The colored Jones function is q-holonomic, Geom. and Topology 9 (2005)
1253-1293.
[20] S. Garoufalidis, A. D. Lauda and Thang T.Q. Le, The colored HOMFLYPT function is q -holonomic, arXiv:
1604.08502.
[21] T. Graber and R. Pandharipande, Localization of virtual classes, Invent. Math. 135 (1999), 487-518.
[22] R. Gopakumar, C. Vafa, M-theory and topological strings-II, arXiv:hep-th/9812127.
[23] R. Gopakumar and C. Vafa, On the gauge theory/geometry correspondence, Adv. Theor. Math. Phys.3(5)
(1999) 1415-1443.
[24] M. Kontsevich, Intersection theory on the moduli spaces of curves and the matrix. Airy function, Comm.
Math. Phys.,vol.147(1992),1-23.
[25] M. Kontsevich, Enumeration of rational curves via torus actions, in The moduli space of curves, R. Dijkgraaf,
C. Faber, and G. van der Geer, eds., Birkhauser, 1995, pp 335-368.
[26] Y. Konishi, Integrality of Gopakumar-Vafa invariants of toric Calabi-Yau threefolds, Publ. Res. Inst. Math.
Sci. 42 (2006), no. 2, 605-648.
[27] S. Koshkin, Conormal bundles to knots and the Gopakumar-Vafa conjecture. Adv. Theor. Math. Phys. 11(4),
591-634 (2007).
[28] S. Katz, C.-C.M. Liu, Enumerative geometry of stable maps with Lagrangian boundary conditions and mul-
tiple covers of the disc. Adv. Theor. Math. Phys. 5(1), 1-49 (2001).
[29] A. Khmyk and K. Schmudgen, Quantum groups and their representation theory, Springer-Verlag, Berlin
Heidelberg 1997.
[30] M. Kontsevich, Y. Soibelman, Cohomological Hall algebra, exponential Hodge structures and motivic
Donaldson-Thomas invariants, Commun. Number Theory Phys. 5 (2011), 231-352.
[31] Piotr Kucharski, Piotr Sulkowski, BPS counting for knots and combinatorics on words, arXiv:1608.06600.
[32] Y. Li, Some results of the Marin˜o-Vafa formula. Math. Res. Lett. 13 (2006), no. 5-6, 847-864.
[33] J. Li, C.-C. Liu, K. Liu, J. Zhou, A mathematical theory of the topological vertex, Geometry and Topology
13 (2009) 527-621.
[34] C.-C. Liu, K. Liu, J. Zhou, A proof of a conjecture of Marin˜o-Vafa on Hodge integrals, J. Differential Geom.
65(2003).
[35] C.-C. Liu, K. Liu and J. Zhou, Marin˜o-Vafa formula and Hodge integral identities, J. Algebraic Geom. 15
(2006), no. 2, 379-398.
[36] C.-C. Liu, K. Liu, J. Zhou, A formula on two-partition Hodge integrals, J. Amer. Math. Soc. 20 (2007),
149-184.
[37] J.M.F. Labastida and M. Marin˜o, Polynomial invariants for torus knots and topological strings Comm.
Math. Phys. 217 (2001),no. 2, 423.
[38] J.M.F. Labastida and M. Marin˜o, A new point of view in the theory of knot and link invariants J. Knot
Theory Ramif. 11 (2002), 173.
[39] J.M.F. Labastida, M. Marin˜o and C. Vafa, Knots, links and branes at large N, J. High Energy Phys. 2000,
no. 11, Paper 7.
32 WEI LUO, SHENGMAO ZHU
[40] K. Liu and P. Peng, Proof of the Labastida-Marin˜o-Ooguri-Vafa conjecture. J. Differential Geom., 85(3):479-
525, 2010.
[41] K. Liu and P. Peng, New structures of knot invariants. Commun. Number Theory Phys. 5 (2011), 601-615.
[42] K. Liu and P. Peng, Framed knot and U(N) Chern-Simons gauge theory, preprint.
[43] J. Li and Y. Song, Open string instantons and relative stable morphisms. In: The interaction of finite-type
and Gromov-Witten invariants (BIRS 2003), Volume 8 of Geom. Topol.Monogr., Coventry: Geom. Topol.
Publ., 2006, pp. 49-72.
[44] J. Li and G. Tian, Virtual moduli cycle and Gromov-Witten invariants of algebraic varieties, J. Amer. Math.
Soc. 11, no. 1, (1998) 119-174.
[45] X.-S. Lin and H. Zheng, On the Hecke algebra and the colored HOMFLY polynomial, Trans. Amer. Math.
Soc. 362 (2010), no. 1, 1-18.
[46] I. G. MacDolnald, Symmetric functions and Hall polynomials, 2nd edition, Charendon Press, 1995.
[47] M. Marin˜o, open string amplitudes and large order behavior in topological string theory, arXiv:hep-
th/0612127.
[48] A. Mironov, A. Morozov, An. Morozov, On colored HOMFLY polynomials for twist knots, Mod. Phys. Lett.
A 29 (2014) 145-183.
[49] M. Marin˜o, C. Vafa, Framed knots at large N, in: Orbifolds Mathematics and Physics, Madison, WI, 2001,
in: Contemp. Math., vol.310, Amer. Math. Soc., Providence, RI, 2002, pp.185-204.
[50] D. Maulik, A. Oblomkov, A. Okounkov and R. Pandharipande Gromov-Witten/Donaldson-Thomas corre-
spondence for toric 3-folds, Invent math (2011) 186:435-479.
[51] A. Okounkov, R. Pandharipande, Hodge integrals and invariants of the unknot, Geom. Topol. 8, 675-699
(2004).
[52] H. Ooguri, C. Vafa, Knot invariants and topological strings. Nucl. Phys. B 577(3), 419-438 (2000).
[53] P. Peng, A Simple Proof of Gopakumar-Vafa Conjecture for Local Toric Calabi-Yau Manifolds, Commun.
Math. Phys. 276 (2007), 551-569.
[54] M. Reineke, Degenerate Cohomological Hall algebra and quantized Donaldson-Thomas invariants for m-loop
quivers, Doc. Math. 17 (2012) 1.
[55] N. Reshetikhin and V. Turaev, Ribbon graphs and their invariants derived from quantum groups. Comm.
Math. Phys., 127(1):1-26, 1990.
[56] N. Reshetikhin and V. Turaev, Invariants of 3-manifolds via link polynomials and quantum groups, Invent.
Math. 103, (1991) 547-597.
[57] R. P. Stanley, Enumerative combinatorics, Vol. 2, Cambridge Studies in Advanced Mathematics, vol. 62
(Cambridge University Press, Cambridge, 1999).
[58] C.H. Taubes, Lagrangians for the Gopakumar-Vafa conjecture. Adv. Theor. Math. Phys. 5, 139-163 (2001).
[59] E. Witten, Quantum field theory and the Jones polynomial, Commun. Math. Phys. 121 (1989) , 351.
[60] E. Witten, Two-dimensional gravity and intersection theory on moduli space, Surv. Differ. Geom. 1, (1991)
243–310.
[61] E. Witten, Chern-Simons Gauge Theory As A String Theory, Prog. Math. 133, 637 (1995).
[62] J. Zhou, A proof of the full Mario˜-Vafa conjecture. Math. Res. Lett. 17 (2010), no. 6, 1091-1099.
[63] S. Zhu, Hodge Integral Identities from the Cut-and-Join Equation of Marin˜o-Vafa formula. Pure Appl. Math.
Q. 8 (2012), no. 4, 1147-1177.
[64] S. Zhu, Colored HOMFLY polynomials via skein theory, J. High. Energy. Phys. 10(2013), 229
Department of Mathematics and Center of Mathematical Sciences, Zhejiang University, Hangzhou,
Zhejiang 310027, China
E-mail address: luowei@cms.zju.edu.cn, szhu@zju.edu.cn
